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We examine the following inverse problem. 

equation of form a . 

Let the function u (z, z, t) satisfy an 

I a\ 
U tt = a (2) x (a (2) ur) 4 P \z, i a~) u (1) 

in the halfspace z > 0, z E Rn, t E (- 00, CO), where P (z, k) is a polynomial of 

arbitrary degree in k E Z?” with coefficients that are functions of I, and f (z) > 0. 

Let u be a solution of Eq. (l), satisfying the conditions 

u It,, = 6, au&o=8(‘, t) (2) 

whose Fourier transform with respect to z , v (h 2, t) t is differentiable with respect 

to k as many times as the degree of polynomial P. 

N o t e 1. The general conditions ensuring the existence of such a solution are 
not known; however, it exists automatically if the differential operator in the right hand 

side of Eq. (1) is of second order and elliptic (then u is the solution of the mixed bound- 

ary-value problem for a second-order hyperbolic equation [l] ). 
We pose the problem: determine the coefficients of operator P (I, iB / 8~) if the 

function 
f (2, 2) I= u (2, 0, t) (3) 

is known. 
It turns out that all the coefficients of polynomial P (2, kl can be uniquely deter- 

mined from the functiou f (z, t) if the coefficient a (9) is known. If a is not known, 

the coefficients of polynomial P are determined uniquely as functions of some coordin- 

ate y , i. e. , of an unknown monotonic function of 2. It is not possible to find the 

interrelated functions a (z) and y (z) (we note, however, that if a (t) and the coeffi- 

cients of polynomial P are not independent, then the function a can be found from t ; 
see Note 3). In order to determine the coefficients of polynomial P it is sufficient to 
know in both cases only the first coefficients g, (t) of the expansion of the Fourier tran- 

sform g (k, t) of function f (2, 1) in powers of k, viz., the variable dual to z; we 
need to know as many of these coefficients as the degree of polynomial P (cf. [2 - 41). 
The assertion made here is easily proved by the method suggested in an article by the 
author (3. It turns out that the following statement is true: if it is known that polynom- 

ial P has a free term equal to zero, i. e. , p (z, 0) = 0, then all the succeeding coeff- 

icients of P are expressed in terms of functions g, (t) by means of simple explicit for- 
mulas. 

l ) Blagoveshchenskii, A. S., One- dimensional inverse boundary- value problem for a 
second-order hyperbolic equation. Zap. N au&n. Seminarov Leningrad. Otdel. Mat, 

Inst., Vol. 15, 1969. 
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Let us derive these formulas in the czs when 5 is a one-d~rnen~ona~ variable and 
the degree of polynomial P is two. The extension of the derivation to more complic- 
ated situations does not tell us anything essentially new. From the formulas presented 
below it follows that the coefficients required depend on the second derivatives of tie 
functions: g, (t) is stable in the metric of C. Thus, instead of I we introduce the 
new coordinate z 

V = s f? (;))-” dt 

Then, passing to the Fourier transform: we obtain the problem 

uil = u,,v + (b/i + ckl) u (4) 

ii !<*zz 1 0, Tu I!,4 = 6 (‘f; u&J = g (k q 

Replacing function v fk, g, t) . by its expansion II = v, + kvI -t k%s t- e f@ in pow- 
erS of k , we obtain a chain of problems. For v,, (y, t) we have 

Votf = VOyu’ VGJ iI<, = 0, L’oy IV”0 = 6 (1) 
Hence v. = - e (t - y) and go (4 = - e (8) (the necessary condition for the 
vabiiity of the inverse pro&em). Here e (r) is the Heaviside function. 

For q (I, 8) we have 

(5) 

‘Id 

v,(O, t)==gl(t)=- s b (9) (t - 2rl) drl (61 
0 

From formiula (6) we see that gl = g,’ = 0 at t = 0. ~tferenMating (6) twice 
with respect to 1, we find 

- 2g,” (t) == b (b. 12) (7) 

Substituting expression (7) into (51, we find the representation for VI 

9 - ‘12 In (t 5 !A + g1 @ - 8) - g1@y)le 0 - Y) 

For us (ar, t) we have 

%tt = Vayy + cue+ k. "2l~<O=;O9 z‘zy u*= IO 

Analogouly to the preceding we obtain 

4 (Ps 4 = Mc + N&q (8) 

where JV&% can be explicitly expressed in terms of b and vit and, consequently. 

by virtue of (51 and (71, in terms of G. Setting g = 0 in (3) and differer4ttating 
twice with respect to t, after some manipulations we obtain 

I 

c-Y& ( ) srr - 2g;’ (t) - g,” (t) - s h?,” @5) g,’ (t - rl 
0 

(9) 
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Formulas (7) and (9) yield the desired answer. 
N o t e 2. The condition P (z, 0) = 0 can be relaxed; in its stead we can req- 

uire that the coefficients of polynomial P be linearly-dependent functions of z and 

that P (4, k,J S 0 for some k,. Then the coefficients of P are found explicitly 
from the coefficients of the expansion of g (k, t, in powers of k - k,. 

N o t e 3. We consider the following example. As is well known [5], the acous- 
tic equation has the form 

utt = pa2 div (p-1 grad u) (10) 

where p is the density of the medium and a is the velocity of sound, Let the medium 
be such that p = h/a, a is a function of z, h = const. Then in the two-dimensional 
case (as also in the three-dimensional case) the inverse problem leads to a problem of 

form (4) wherein b = 0 and c = - aa. From formula (9) it follows that as (t/2) = 

2gs” (t) (gl of necessity equals zero) y 

r = a(t) dt 
s 

N o t e 4. Equation (10) describes ‘as well (see [2] ) the propagation of elastic 

waves of type SH in a layered-inhomogeneous medium if in it we replace p-l by 

p and pas by (p’)-1, where p’ (z) and p (z) are, respectively, the density and 

the Lami parameter of the elastic medium. The results obtained above are applica- 

ble if the medium is such that p’p = con&. 
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